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1 Evaluate each integral. Give the exact numerical value of any definite integral.

3] (a) /(% + 3xi i e—m) da

1 3 3
- o —x/2 dr = -2 2 —x/2 d
/<x2+3x+1 ¢ > v /(:v +3x—|—1 c ) v

1 .
= ——+hn|3z+1]+2 2+ C
X

2 2
t
3 b / —dt
i ) e
Make the substitution © = 9 = ¢3 so that du = —3t?dt or t*dt = f% du. Further,t=2=u=1
and t =1 = u = 8. Then,
8
2 2 1
t 1 13 3
B 3 qu = =423 =2
/1 Vo3 3/8“ =324 2
/4
[3] (c) / w? cos 2w dw
0
Use integration by parts with
u = w? dv = cos 2w dw
1
du = 2w dw v = — sin 2w
Then
w/4 1 ™/4 w/4
/ w? cos 2w dw = =w? sin 2w — / w sin 2w dw
0 2 0
2 /4
- —/ w sin 2w dw
32 0
Integration by parts again with
u=w dv = sin 2w dw
1
du = dw v = —— cos 2w
Then
/4 2 1 ™/4 1 /4
2 ™ .
/ wcos2wdw = — — | ——wsin 2w —|——/ cos 2w dw
0 32 2 o 2 Jo
/4
o 19 / o1
32 4" “’0 T 32 4
3] () /Mdfc
(x+2)(z —3)

Expand the denominator to give (z + 2)(xz — 3) = 2% — x — 6. Then use polynomial long division to
write
> 4+r—1 20+ 5

“+2@=3 Taroe—3

/ (ﬁ ;)2:3) o= / <1 T +2;><+x5— 3)) o
2x
:“/(<x+2><+x5—3>> &

2x+5 A B

(x+2)(z —3) _x—|—2+ac—3

Then

Next use partial fractions to write

where A and B satisfy 2z + 5 = A(x — 3) + B(x + 2). Plugging in = —2 and x = 3 gives A = —
and B = % Thus,

224+r—1 1 1 11 1 11
S Sy, [ - — dr =z — =1 2+ —=In|lz—3|+C
/(x+2)(x—3) v x+5/( x+2+a:—3) v=w - g2+ Finfe =3+

1
5
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2 During the first eight weeks after she is born a puppy r(kg/wk)
grows at a rate r(t), in kilograms per week, as shown 2.0 +
in the graph at the right. The puppy weighed 0.5kg '
when she was born. 1.5 T
[2] (a) Set up a definite integral giving W (t), the puppy’s 10 4+
weight ¢t weeks after she was born.
. 0.5
W(t) — W(0) = / r(z) dz | | | —
0 0 2 4 6 8

Since W(0) = 0.5, this gives
t
W(t) =05 +/ r(2) d
0

2] (b) Determine the puppy’s weight

i) 2 weeks after she was born

The area represented by the integral here is a trapezoid, so

W(2) =05+ /2 r(z)dz = 05 + (@) (2) = 2.0kg
0

ii) 4 weeks after she was born
Taking the result from the previous part as a starting point, we have

W) =20+ /4 r(z)ds = 2.0+ (%) (2) = 5.0ke
2

iii) 6 weeks after she was born

W(6) = 5.0 + /Gr(z) dz =50+ (%) (2) = 8.5kg
4

iv) 8 weeks after she was born

8
1.5+ 0.5
W(8) = 8.5 +/ r(2) dz = 8.5 + <+) (2) = 10.5 kg
6
[2] (c) Sketch a graph of W (t) over the first 8 weeks after wike)
the puppy was born. Show the intervals where 10
W(t) is increasing and decreasing, the absolute
maximum and minimum values, and the inflection 8
point(s) of the graph. 6
The function W(t) is always increasing since 4
W'(t) = r(t) > 0 for all t. The inflection point
is at the point where r(¢) is maximum, which 2
is at ¢ = 4. At this time the puppy’s weight is
W(4) = 5. t(wk)
2 T
[2] 3 (a) Write the definite integral / dzr as a limit of the Riemann sum for the integral using right
1
endpoints.
Here

3 3
Ar=> and :ci_—1+—Z

Thus, the right endpoint Riemann sum for the integral is
2 71+ 3i
e 3
dr = lim —
/,1x+ naooz< 1+31+2>< >
n — 1432
e n 3
= lim = —
nem%(H%) <n>
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n .
(b) Write a definite integral given by the limit: nhi%o ;tan <% + 17;Zn> (%)

Here r T T . .
A:B:—12n and a:xozz,bzxnzz—i—E:g
or equivalently
a fo I n 12

So two possible definite integrals are

& ™ m s ™
i St (24 2 () = [ pstansdo = [pizeen (T4 a) d
ner;C; an<4+12n> Ton Tr/47r/3 anx dx O7r/ an(,+z)d
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4 The Q integral function is defined as
Qz) = / te” st dt
0

d
2 Find — .
2 () Find - Q)
Using the Fundamental Theorem of Calculus, Part 1, we have

@ — i/ tefcost dt — xefcos:zz
de dx Jg

[3] (b) Verify that
% Q(z)e®*”® = —sinze®** Q(x) + =

Using the product rule together with the result from part (a) above we have

d d
% Q(I,)GCOSI — geCOSI + QeCOSI (7811193)

— (xe—cosm) eCoST _ Qecosmsinx = — Q(x)ecoszsinx

[2] (¢) Verity that the function y = Q(z)e®®* + Ce®?, where C is an arbitrary constant, is the general
solution to the differential equation

d
ﬁJr(sin:r)y:z

From the result in part (b) above we have

dy _

el Q(z)e**sinz — Ce***sinx
T

so that

d
d—y + (sinx)y =z — Q(x)e’® T sinz — Ce®*Tsinx + sinx (Q(x)e’>* + Ce®™7)
x

=2 — Q(z)e’®*Tsinz — Ce®®Tsinz + Q(x)e*“sinx + Ce®*“sinx
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5 The diagram shows the first quadrant region R
bounded by y = (z — 3)%, y =0, and z = 1.

(a) Use the disc method to find the volume of the solid Then
generated when the region R is rotated about the
z-axis.

Using the disc method for rotation about the z-
axis means we use vertical rectangles and integrate
in x. Then

AV =mr’Az =7 [(x — 3)*] Aw = m(z — 3)*Az

(b) Use the cylindrical shell method to find the volume of the solid generated when the region R is
rotated about the y-axis.

Using the cylindrical shell method for rotation about the y-axis means we use vertical rectangles and
integrate in z. Then

AV = 2rrhAz = 2rz(z — 3)?Az = 27z (2? — 6z + 9) Az = 27 (2° — 62° + 92) Az

Then
3 4 2
V:27T/ (x3—6x2—|—9x) dx:27r<%—2z3+9i)
1

2
—2w<§54+§1+2?>—8w

1

4 2 4 2

(¢) Set up the integral to use the washer method to find the volume of the solid generated when the
region R is rotated about the line x = 4. Do not simplify the integrand or evaluate the integral.

Using the washer method for rotation about a vertical line means we use horizontal rectangles and
integrate in y. First solve for x in terms of y in the equation for the curve.

y=(r-3 =z=3+y

Since the portion of the parabola we are using is the left half, we take the minus in this expression.
Thus, z = 3 — \/y. Then

AV =7 (r2=r2) Ay =n [4=1)2 = (4 - (3 - v)] Ay
:77[9—(1+\/§)2]Ay
So the volume is .
V:w/o 9= 1+ v)*] ay

(d) Set up the integral to use the cylindrical shell method to find the volume of the solid generated
when the region R is rotated about the line y = —2. Do not simplify the integrand or evaluate the
integral.

Using the cylindrical shell method for rotation about a horizontal axis means that we use horizontal
rectangles and integrate in y. We solved for z in terms of y in part (¢) above. Then

AV =27rhAy = 2r(y +2) (3 — ¥y — 1) Ay = 271(y + 2) (2 — \/y) Ay

So the volume is

4
V=27r/0<y+2><2—mdy
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6 Jordan has bought a new vase and she wants to com-
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5.0cm

pute the volume of water that the vase holds. She
measures the height of the vase to be 12cm and di-
ameter of the vase at 2cm intervals. The diameter
measurements are shown in the diagram. Note that
the diameter at the base is 2 cm.

/“\

7.1lcm \
(a) Let d(y) be the diameter of the vase as a function )
of the distance y from its bottom. Set up an in-
tegral for the volume of the vase in terms of the \ /
function d(y). 2.0cm v

d(y)

The radius of each circular cross-section is r = — so that the volume is

v:w/om [%Qdy:g/f[dw dy

(b) Use Simpson’s rule to estimate value of the integral in part (a).

Here n = 6 and Ay = 2. Then

2 (1O + 41 + 21 + 4[dO) + 2[d(E) + 4 O + [d(12)])

(22 4+ 4(6.5)% +2(7.1)* + 4(5.3)> + 2(3.3)* + 4(3.0)> + (5.0))

V’R‘JSﬁ:

S R N

(468.96) = 245.5 cm®

Use the Comparison Test to determine whether the integral below converges or diverges.

Hint: Explain why 1+ /x > 1 for all z > 0.
For x > 0, we have y/x > 0. Adding 1 to both sides gives 1 + y/z > 1. Thus,

1 e ®

<1l= <e *
T+vz - 1+4vz ¢

B
B

Further,

[e'e] t
/ e “dr = lim e ¥dr = lim (—e‘m)
0

t—o00 0 t—o0 0

= Jim (1) =1

e
1+

o0
So the improper integral / e~ ® dx converges. Hence, since < e™ %, the Comparison Test shows
0

oo e—aj
that —— dx converges.
/0 1+ .z &

B
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1,2

a) Use an appropriate trigonometric substitution to evaluate the integral: ———dx
3 8 U jate trig tric substitution t luate the integral = )3/2d
2+ 4

Let x = 2tand. Then dz = 2sec? 6df and ($2 + 4) 32 _ 8sec® §. Then

2 4 tan2 2 20_1
x do — tan” 6 95002 0d0) — tan 9d9: sec” 0 a0
3/2 3
(22 +4) 8sec3 § secd secd

:/(secﬁ—cosﬁ) df =1n|secd + tan | — sind + C

T 2 44 x
Now, tanf = — so that secl = ———— and sinf = ———. Thus,
3 2 Va2 +4
2 /22 1+ 4
/xiwdlen ) : +C:1n‘ x2+4+x‘—L+C
(.’E2—|—4)/ 2 2+ 4 z2 4+ 4
r _ ,—x T —x sinh
[2] (b) Recall the hyperbolic functions sinhz = %, coshz = %, and tanh x = smhx. Further,
cosh x
recall that p p
cosh®? z —sinh®?z =1, — coshz =sinhz, — sinhz = coshz
dx dx
Use the definitions and identities above to show that
1
— tanhx = 5
cosh” x

Using the definition of tanh x and the quotient rule

d tanhz — d (sinhm) _ (cosh z) (cosh z) — (sinh z) (sinh x)
dz dzx \ coshz (cosh )
B cosh? z — sinh® z 1
B cosh? z  cosh?
[4] (c) Make the hyperbolic substitution x = 2sinh¢ in the integral in part (a) above and evaluate the

resulting integral using the results in part (b) above. Express the result in terms of x using the fact

that
sinh™' 2 =1n ‘z + V22 + 1’

Letting z = 2sinh ¢ gives dx = 2coshtdt. So that
2 4sinh® ¢
(22 4+ 4) / 8 cosh” ¢

inh? ¢
:/Sm 5 dtz/tanthdt
cosh” ¢

Using the identities given in part (b) above we have

1
1 — tanh?¢ = 5 :>tanh2t:1——2
cosh” t cosh” t
Thus,
2 1
/x—gzdm:/(l— 2)dt
(22 4+ 4)% cosh”t

=t—tanht+ C

Now, since x = 2sinh ¢, we have

sinh ¢ = g = ¢ = sinh™ ! (g)

and
2 4 2 1
cosh2t21+sinh2t=1—|—%= _Zx :>cosht:§\/4+x2
sinht x/2 x
tanht = = =
cosht /a2 +4/2 4+ 22
So we have

2
x -1 (TYy
/7(x2+4)3/2dx—smh (2) —4+z2+0

2 T

SR | +C
2 4 1/4_*_‘%.2

:1n)m+\/m‘——$ +C

Vit a2

=In
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3] 9 (a) Use the substitution z = 22 followed by integration by parts to evaluate the integral: / 2de = dx

Letting z = 2?2 gives dz = 2zdz = xdz = 1 dz. Then

1
/x3e_’”2 dr = 3 /ze_z dz

Now integration by parts with

u = dv=e"*dz
du = dz v=—e"*
Then
3, —x 1 —z z
e dx:E —ze 4 [ e Fdz
1
= —5267’2 ——e*+C
1 1
= g% e +C
2
2] (b) Use the result in part (a) above to evaluate the improper integral: / 23e " dy
0
Recall that lim z"e™® = 0 for any n.
o0 2 t 2
/ 3™ dx = lim 3™ da
0 t=00 Jg
1 1 '
_ .2 —a? —z?
= tlg&( 5%€ e )
0
_ 1 2 —t? —t?
= fm <§ a 2t ¢ )
1
2
3] (¢) The average speed of molecules in an ideal gas is

4 M 3/2 3 M2
S i —Mv*/(2RT) 4
v \/_<2 > -/0 ve v

where M is the molecular weight of the gas, R is the gas constant, T' is the gas temperature, and v

is molecular speed. Make the substitution x = v in this integral and use the result in part

2RT
(b) above to show that

SRT

@l

. M . /2 /
Letting x = 2RTv gives v = 2RT . Thus
- 4 M ve M 2/(2RT)
= — _ v d
RV (2R ) / ’
4 ( M \*? (2RT\?? /2RT/°° s o
= — | —== —_— —_— x’e” z*dx
VT \2RT M M J
4 [2RT
VT

1 _\/42RT_ 8RT
2) Va M VoM

<
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10 A second order chemical reaction involves the the interaction of one molecule of a reactant P with one
molecule a second reactant @) to produce one molecule of the product X. This is written P+Q — X. Let
p and ¢ be the initial concentrations of the reactants P and @, respectively, and z(t) be the concentration
of the product X at time t. Then p — x(t) and g — x(¢) are the concentrations of reactants P and Q at
time t. The rate at which the product X is produced is proportional to the product of the concentrations
of the two reactants P and Q.

[2] (a) Assuming that p = ¢, write a differential equation for x(t), the concentration of the product X at
time ¢. Let k be the constant of proportionality.

Since p = q we can write the differential equation as

dxr
= =k -2)(g—2) =k(p—2)°
[3] (b) By separating variables find the general solution to the differential equation in part (a).
Separating variables gives
d
L~ kat
(p—x)

Integrating gives

/(piixx)Q—/kdt—kt—kC

Integrating the left hand side gives
/ de 1
(p—z)? p-uz

Thus,
LR VRO N L !
= —r = €T = —_
P—z b kt+C P wtce
[2] (c) Find the particular solution to the differential equation in part (a) subject to the initial condition

2(0) = 0. Determine the limiting value of z(t) as t — oo.

Applying the initial condition to the first form on the left above gives
1
Z=C
q
Then the particular solution is

1 p  pkt+p—p  pkt

r(t)=p——=p- L= —p

1

et 4 - pkt +1 pkt +1 pkt + 1
p

The limiting value is given by

pkt . pk
= lim p——— =
pkt+1 t—oo

lim p
t—o0

So the limiting value of the z(t) is p. Of course, eventually every molecule of P is converted to the
product.

[2] (d) The particular solution in part (c) above contains the product pk. Letting the time ¢ be measured
in hours, find the value of the product pk given that it takes one hour to reach 50% of the limiting
value found on part (c) above. Then determine how long it will take to 90% of the limiting value
found in part (c) above.

We are given that (1) = %p. This gives

1 pk 1 pk 1 1
“p= s = — pkt - =pk=pk=1
QP TP T T P TR

So,
t) =p——
w0 =rr
Now find the time when z(t) = 0.9p. This gives

¢ ¢
09p = p—— = 09= —— = 09t+09=t=01t=09=t=9
P=P tr1 *

So it takes 9 hours to reach 90% of the limiting value.
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11 Consider the differential equation

dy

dzx

Final Examination
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(a) Two slope fields are shown below. Pick the one that is the correct slope field for the differential
equation above. Explain your choice.

NN SN~N~————

s

NSNS~ ————
NSNSN—————
NSN————— —
NSNS—————
N—~————
N——
—_—— s

/

/

/

|

|

|

\

\

ENN S ~————
NN S—————

N~——————
N—~———
~N———— s
—— S

—_——— -~~~ \

——\\\\Nbé
(A)

7

\
\
\
|
|
/
/
/
S m—

e — N\
e —— N\

—_———— NN
———==NWX\

S s
e ———N
—————_~~

——— ===\ 11
————=~~NFT\N\V 0\ [

NNV I

NV 11
——————=~~N\\\ 1] 11
comm=—==~Y\N\ VN
s m=—<\\I 11 /777
/I’//////— 177 //{h
A = A
/. /////|§c;49///
7N\ ~—— s
/7T VN AS———
I VAN SN~——————~
T T VAN SNSSNS——————
FTTITV VAN YISNSS—————
FTTUVVNANN I SNSS—————
IR UAVAN

AN NSNS~ ————

Note that along the line y = —z the slope given by the differential equation is zero. This is the case
on (B) but not on (A).

(b) On the slope field that you chose in part (a) draw the solutions for the given differential equation
that satisfy the initial conditions: y(0) =1 and y(1) = 0.

(c¢) By completing the table below, use Euler’s method to estimate y(1.3) if y(x) satisfies the differential
equation above and y(1) = 0. Use a step size of 0.1.

x Y Z—i Z—iAm

1.0 0.00000 1.0000 0.10000
1.1 0.10000 1.2000 0.12000
1.2 0.22000 1.4490 0.14490
1.3 0.36490

(d) Ts the estimated solution in part (c¢) above an overestimate or an underestimate? Explain your

answer.

The solution curve in part (b) through the point (1,0) is concave up, so the Euler’s method estimate
is an underestimate.
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12 For each of the following infinite series

i) give the first four terms of the series
ii) determine whether the series converges or diverges

iii) if the series is geometric, give the sum of the series

8] P g

n=1

—n? + L9 1625

=3 27 81 243
Here

n? (n+1)2

Gn = 3—n Ap4+1 = W

So that

. lans 3" (n+1)2

nh—{go anp o nl—voo ’I’LZ ' 3n+1

1 /n+1\* 1
= lim - =-<1

Thus, the series converges, but it is not geometric.

13 Z 2n+1

n:l

in!-Q" 71+1+1+1+
2n+1)! 3 15 105 ' 945

n=1
Here
n!- 2" (n+1)!. 27+t
Ap = ————— pil1 = ————
(2n +1)! 1 (2n + 3)!
So that
n 2n + 1)! 1)!-2n+l
lim dntl = lim (2n + ) .(n—l— )
n—oo | A n—oo | mnl!-2n (271 -+ 3)'

= lim % = lim 1
T nSoo (2n + 3)(2n + 2) T nSo 2n+3
=0<1

Thus, the series converges, but it is not geometric.

3] 0y S

n—1
n=0 5
= (—=1)m4m 16 64
Z 5n—1 + 5 25
n=0
This is a geometric series with r = —% and a = 5. Since |r| < 1 the series converges and the value is

oo

(—1)man 1 | 25
Z 5n—1 =5 4 - 5
5

n=0 1+
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13 Let g(z) =1n < < ) =lnz—In(2 — z).
2—z
[3] (a) The Taylor series for a function f centered at x = a is

1 1
f(z) = f(a)+ f'(a)(z —a) + Ef”(a)(x —a)? + -+ Ef(”)(:c —a)" 4
Find the first four non-zero terms in the Taylor series centered at x = 1 for the g defined above.

First compute the derivatives

f(z) = Inz—In2-=x) = fa =0
1 1
) = e = ) = o
@) = gt = W =0
2 2
x) = 2t e = 1) = 4=2-2
O = “EEe TR s o) = g
- ¢ (2—1x)* N
O () = 2;’54+(22'_3x;15 = fO(1) = 2.2.2.3.4
Thus,
g(m):1n<2$x>=2(x—1)+%(2-2)(m—1)3+$(2-2~2-3-4)(x—1)5+~--
[3] (b) Given that the series in part (a) above is
2
(x_1)2n+1
7;)2714-1

determine the radius of convergence of the series and give an open interval in which the series

converges.
Here
ap, = 2 (z —1)**! U1 = ———(x —1)2"+3
2n+1 2n+3
So that
RLUS GZZI = Hm ’2(9327_1 Ir)anH ' 2n2—|- 5o =¥
= lim 2n+1\x—2|2 = |z — 2

n—oo 2n + 3

The series converges if |z — 2|2 < 1 = |z — 2| < 1. Thus, the radius of convergence is R = 1 and the
open interval of convergence is (0, 2).

[2] (¢) Find the value of x for which
x
P

and use your answer together with the series in part (a) above to estimate the value of In2.

Solving the equation above gives

T
2—x

:2:>x:472x¢3m:4é:17:§

4 1
This value of  is in the interval of convergence found in part (b) above. Thus, noting that 3~ 1=-

4 1 2 /1\* 2 /1\°
me=r(g)=2(3)+5(5) +5(3) +
_2,2, 2 2
3 81 5-.35  7.37

= 0.69313(exact value is In2 = 0.69315)

o0

- YT
N (2n + 1)32n

3 n=0



Math 122 (Winter, 2003)
Section(s) 71 & 72

Final Examination

Page 13 of 13

A Short Table of Integrals

.\
&,’

(g(e))g' (@) do = [ f(u) du where u = g(z)

1
—1u"+1 +C

bt
—
IS
3
U
<
I
3
_|_

5./e“du:e“+C
7./sinudu:—c0su—|—C
9./seCQudu:tanu+C
11. /tanudu:1n|secu|+0

13 = arcsin (E) +C
a

/ du

Va2 — 2
1 -1

o /sin" wdu = —= sin" " ucosu + — /sin"‘2 udu
n n

1
17. /tan" wdu = T tan™ ' u — /tan"_2 udu

au

19. /e‘“‘ sinbudu = 26 asinbu — bcosbu) + C
a

T2

21. /1nudu=ulnu—u+0

2./udv=vu—/vdu

d
4./_“:1n|u|+c
U
1
6./a“du=—a“+0
Ina
8. /cosuduzsinu—i—C
10. /secutanudu:secu—l—c
12. /secudu:ln|secu+tanu|+0
14./d4u: l arctan <g>—|—C
a? + u? a a

n—1 9

1 _ . _
16. /cos”udu = Zcos" lusinu+ —— [ cos" 2 udu
n n

1 -2
18. /sec” udu = tanusec” 2 u + i /sec"_2 udu
n—1 n—1

20. /e“” cosbudu = a cosbu + bsinbu) + C

67(
a2+ b?

Some ldentities

1. cos? z +sin’x =1

3. cos2z = cos?x —sin?z =2cos?z —1=1-2sin’z

2. 1+ tan?z =sec?z

4. sin2x = 2sinx cos x

5. cos2gc:M 6. sin?r — 1 — cos2x
2 2
Partial Fractions
P(IE) Al A2 Ak )
: = e here d f P is less than k
(az +b)F  azx+b + (az 1 0)° + (az 1 0)F where degree of P is less than
P(x) Az + B Agz + By Az + By,

2. =

(p2? +qu+1)" P2 tgr 4T (pr? 4 qr47)°

(p22 + gz + 1)

where degree of P is less than 2k

Numerical Integration

Midpoint Rule

K (b—a)3
Bv| < =
Enl < 50

Error in Midpoint Rule

Trapezoid Rule

K (b—a)?
Error in Trapezoid Rule |Er| < — (b—a)
12 n?
A
Simpson’s Rule Sn = ?x
K (b—a)®
Error in Simpson’s Rule |Eg| < — (b—a)

180 nt

My, = Az [f (T1) + f(T2) + -+ [ (Tn)]

Ti—1+ T
2

where T; =

where K is an upper bound on |f”(x)| on [a, b]
Ty = 5217 (@) +27 (@) + o4 2f (wa 1) + £ (2]

where K is an upper bound on |f”(x)| on [a, b]

[f (zo) +4f (z1) +2f (z3) + - + 2f (wn—2) + 4f (xn—1) + [ (2n)]

where K is an upper bound on |f*)(z)| on [a, b]



